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ABSTRACT

A resolutionanalysiswascarriedoutontheinversionma-
trix for thesolarrotationinverseproblem. This analysis
effectively establishesa direct relationshipbetweenthe
modesetincludedin theinversionandthespatialresolu-
tion, sensitivity andinformationcontentof the resulting
inferences.We show thatsuchanapproachallows us to
determinetheeffectof addinglow frequency andlow de-
greep-modes,high frequency andlow degreep-modes,
andg-modeson thederivedrotationratein thesolarra-
diative zone,in particularthe solarcore. We concluded
that the level of uncertaintiesthat is neededto infer the
dynamicalconditionsin thecorewhenonly including � -
modesis unlikely to be reachedin the nearfuture, and
hencesustainedefforts areneededtowardsthedetection
andcharacterisationof � -modes.
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1. INTRODUCTION

Over thepastdecade,increasinglyaccuratehelioseismic
observationsfrom ground-basedandspace-basedinstru-
mentshavegivenusareasonablygooddescriptionof the
dynamicsof the solar interior [e.g. 10, 11]. Helioseis-
mic inferenceshave con�rmed that thedifferentialrota-
tion observedat thesurfacepersiststhroughoutthecon-
vectionzone. Thereappearsto be very little – if any –
variationof therotationratewith latitudein theouterra-
diative zone( ��� ���	��

����������� ). In that region the
rotationrateis almostconstant( ������� nHz),while at the
baseof theconvectionzone,ashearlayer– thetachocline
– separatestheregion of differentialrotationthroughout
the convectionzonefrom the onewith rigid rotation in
theradiativezone.

Despitethe large dispersionof the datasensitive to the
solar core [seediscussionin 4], we can rule out an in-

ward increaseor decreasein the solar internal rotation
rate down to ��

� � ����� ��� , by more than ����� of the
surface rate at mid-latitude [1, 4, 2]. This is in clear
disagreementwith the theoreticalhydrodynamicalmod-
els that predicta muchfasterrotation in the solarcore,
namely10 to 50 times fasterthan the surfacerate [e.g.
11].

More recently, [6] and[9] have independentlydeveloped
new mode�tting proceduresto improve the quality of
datasensitive to the rotationin thesolarcore. By using
very longtimeseries– in excessof 2000days– collected
with theMDI, GONGandGOLF instrumentsthey have
measuredrotationalsplittingsfor modeswith frequencies
aslow as ��� � mHz.

In this work, we attemptedto establishthesensitivity of
helioseismicdatasetsto the dynamicsof inner solarra-
diativeinterior, aswell asthelevel of accuracy thathelio-
seismicdatashouldhave to resolve thesolarcore.

2. THEORETICAL BACKGROUND

Thestartingpoint of all rotationalhelioseismicinversion
methodologiesis the functionalform of theperturbation
in frequency, !#"�$&%(' , inducedby therotationof thesun,
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The perturbationin frequency, !#"�$&%?' with error >@$&%(' ,
that correspondsto the rotationalcomponentof the fre-
quency splittings,isgivenby theintegralof theproductof
a sensitivity function,or kernel,
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Equation1 de�nes a classicalinverseproblem for the
sun's rotation. The inversionof this set of A integral
equations– onefor eachmeasured!#" $&%?' – allowsusto
infer the rotationratepro�le asa function of radiusand
latitudefrom asetof observedrotationalfrequency split-
tings(hereafterreferredassplittings).

The inversionmethodwe usedis basedon the regular-
izedleast-squaresmethodology(RLS).TheRLSmethod
requiresthe discretizationof the integral relation to be
inverted. In our case,Eq. 1 is transformedinto a matrix
relation B

1�CED =F> (2)

where
B

is the datavector, with elements!#" $&%?' and
dimensionM, D is the solutionvectorto be determined
at G tabular points,

C
is the matrix with thekernels,of

dimensionAIHJG and > is thevectorcontainingtheerrors
in

B

.

Thesolutionis theonethatminimizesthequadraticdif-
ferenceKML 1ON CPDRQ

B

N L , with a constraintgiven by a
smoothingmatrix, S , introducedin orderto resolve the
singularnatureof theproblem.Thegeneralrelationto be
minimizedis
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where [ is a scalarintroducedto give a suitableweight
to the constraintmatrix S in the solution. Hence,the
function D is approximatedby
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Replacing
B

from equation2 weobtain
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The matrix � , that combinesforward andinversemap-
ping, is referredto astheresolutionor sensitivity matrix
[7]. Ideally, � would be the identity matrix, which cor-
respondsto perfectresolution.However, if we try to �nd
a generalizedinverseresultingin a resolutionmatrix �

closeto the identity, thesolutionis generallydominated
by noisemagni�cation.

In our implementationthe inversematrix is calculated
following the RegularizedLeastSquarestechniquede-
scribedin [3]. The individual columnsof � displays
how anomaliesin thecorrespondingmodeltabular point
areimagedby the combinedeffect of measurementand
inversion. In this sense,eachelement �+m�n revealshow
muchof theanomalyin the o�prq inversiontabular point is
transferredinto the s(prq tabular point. Consequently, the
diagonalelements�tm m stateshow muchof the informa-
tion is savedin themodelestimateandmaybeinterpreted
astheresolvability of Dum .

In thework presenetdhere,weusedthematrix � to study
thesensitivity of helioseismicdatasetsto therotationrate
of thesolarcore( ��
��+�wvw��� ��� ). Wethuspresenta theo-
reticalanalysison theeffectof addinglow frequency and
low degreep-modes,high frequency andlow degreep-
modes,andg-modeson therotationrateof thesolarcore
derived throughnumericalhelioseismicinversiontech-
niques.

3. DESCRIPTION OF HELIOSEISMIC FRE-
QUENCY SPLITTINGS MODE SETS

The physicaland dynamicalinformation about the so-
lar core, derived from helioseismicdata, is extracted
from low andintermediatedegree� -modes.[9] analyzed
2088days-long(startingApril 30th1996andendingJan-
uary17th2002)time seriesof SOI/MDI andGONGob-
servations to obtain the largest available mode set for

x

1 �y,z��� , rangingthe observed frequenciesfrom 1 to
4.5 mHz. This modesetis complementedwith therota-
tional frequency splittingsobtainedfor

x

1 ��,z� usingthe
same2088days-longtime seriesof GOLF observations
[6].

Fig. 1 shows the observational frequency splittings un-
certaintiesof thecombineddatasetasa functionof fre-
quency andmodedegree,while Figs.2 and3 shows the
splittingsuncertaintiesfor sectoralmodesasafunctionof
theinnerturningpointof themodes,
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�" , andasa
functionof frequency " , respectively. Theseplotsclearly
illustratethewell known andchallengingfactthatonly a
smallnumberof modespenetratethesolarcoreandthat
thelargestuncertaintiesareassociatedwith thesemodes,
in particularthe

x

1
��,@� modesfor frequencieslarger

than2 mHz. This is dueto thedif�culty in separatingthe
effect of rotationalsplitting from the limited lifetime of
themodes.

Thelongtime-seriesanalyzedby [9] allowedthecalcula-
tion for the�rst time of rotationalsplittingsfor very low
frequency modes( "wv{��� � mHz). The associatedsmall
uncertaintiesof theselow frequency modesareboundto
improve the inferencesaboutthe rotationratein the ra-
diative interior [5].

4. SENSITIVITY ANALYSIS FOR THE SOLAR
CORE

A theoreticalanalysiswascarriedout in order to deter-
minetheeffectof differentlow degreeemodesetson the
derivationsof the solar rotation rate of the inner radia-
tive interior. Five differentarti�cial datasets(described
in Table1) werecalculatedthroughequation1 usingan
arti�cial rotation rate
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p
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�
,.-0/ , that is shown in black
in Figs.6 to 10. Theobservationaluncertaintiesanddata
noiseweretakenfrom theactualmodesetscalculatedby
[9] and[6].



Table1. Descriptionof thearti�cial datasetsusedto studythesensitivityof helioseismicdatato thedynamicsof thesolar
core.

Freq.range(mHz)
Dataset note

x

1 �

x

1 ��,;�

x

�w�

Dataset1 1 - 2 1 - 2 � 1
Dataset2 1 - 2 � 1 � 1
Dataset3 1 - 3 � 1 � 1
Dataset4 1 1 - 3 � 1 � 1
Dataset5 2 0.1- 2 0.1- 2 � 1

e

Dataset4 differsfrom dataset3 in theobservationalerrordistribution,beingtheerrorsfor dataset4 takenfrom the
sectoralsplittingsof

x

1 ��� modes.
L Two

x

1 � andtwo sectoral
x

1 �•� -modesrotationalsplittingswereaddedto dataset5.

Figure 1. Modedegreeas a functionof frequency" for
a combinedGOLF+ MDI frequencysplittingsset[6, 9].
The splittings were obtainedfrom 2088 day-longtime-
series.Thesizeof thecirclesis proportionalto theobser-
vational errors of the frequencysplittings. For illustrat-
ing purposeserrors larger than �€� nHzwereassignedthe
samecircle size.

Theresolutionmatrix � wascalculatedfor the� vearti�-
cial datasets,asillustratedin Fig. 4, wherethediagonal
elementsof � for therotationrateat theequatorarepre-
sented.Datasets1, 2 and3 arenearlyinsensitive to the
rotationof the solarcore. Dataset4 containsthe same
modeset thandataset3, but it is sensitive to the solar
corebecausetheobservationalerrorsaremuchlower in
dataset4. The additionof a few � -modes(dataset5)
increasessigni�cantly thesensitivity to thesolarcore.

It is importantto noticethatevenwith theadditionof � -
modes,thereis not latitudinalsensitivity at thesolarcore,
asillustratedin Fig 5, wherethediagonalelementsof �

for therotationrateat � vedifferentco-latituderangesare
presented.Sensitivity to theequatorialregionsof theso-
lar coreis signi�cantly largerthanthesensitivity to other

Figure 2. Observationalerrors for a sampleof sectoral
frequencysplittings as a function of the inner turning
point
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co-latitudes.

Theconclusionsderivedfrom Figs.4 and5 couldbealso
derivedfrom thenumericalinversionsof thedatasets1 to
5, asillustratedin Figs.6 to 10. Only in thecasesof data
sets4 and5, is it possibleto infer themain trendsof the
rotationratebelow ��
��

�
�‚��� �€� ; however, it wasneces-

saryto include,on onehand� -modes(dataset5) modes
thathave yet to beobserved,andon theotherhanddata
with unrealisticsmallobservationalerrors(dataset4). In
thelattercase,themostlikey wayto reduceobservational
errorsconsistsof increasingthelengthof thetimeseries.
Fig. 11 shows thedistribution of observationalerrorsas-
sociatedto

x

1
��� sectoralmodesfor � ve 728days-long

datasetsandthe 2088days-longdataset,all calculated
by [9]. The formal observationalerrorsareproportional
to the squareroot of the length of the time series,and
henceit couldbenecessaryto observe for decadesto re-
ducetheobservationalerrorscalculatedfor very low de-
greeandlow frequency modesto the presentlevels cal-



Figure 3. Observationalerrors for a sampleof sectoral
frequencysplittingsasa functionof themodefrequency,

" .

Figure4. Sensitivityof thedifferentdatasetsthatarepre-
sentedin Table1 to therotationrateof thesolar interior.

Figure 5. Sensitivityof data set 5 to the solar core at
differentlatitudes.Valuesfor co-latituderangesaregiven
in radians,theequatorbeingat 3Z
�� radians.

culatedfor
x

1 ��� modes.

Figure 6. Numericalinversionof dataset1 (in green)as
a functionof radiusfor a setof co-latitudes.Thearti�-
cial rotationrateusedto calculatedataset1 is shownin
black.

Figure7. Asin Fig. 6, but for dataset2.

5. CONCLUSIONS

Thecalculationof theresolutionmatrix � is a rapidand
intuitive way of evaluating the sensitivity of helioseis-
mic data to the dynamicsof the solar interior, in par-
ticular in the core ( ��

�+��vƒ���„��� ). We concludethat
with the presentaccuracy of the available splittings, it
is not possibleto derive thedynamicalconditionsbelow

��
��
�

�����„� . This resultsfrom therelatively largeobser-
vationaluncertaintiesof themodessensitive to thesolar



Figure8. Asin Fig. 6, but for dataset3.

Figure9. Asin Fig. 6, but for dataset4.

core,in particularlow degreeandhigh frequency modes.
The level of uncertaintiesthat is neededto infer the dy-
namicalconditionsin the core when only including � -
modesis unlikely to be reachedin the nearfuture, and
hencesustainedefforts areneededtowardsthedetection
andcharacterisationof � -modes.
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ApJL, 597,L77

[3] Eff-Darwich, A., Pérez-Herńandez, F., 1997,
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