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ABSTRACT

A resolutiomanalysisvascarriedoutontheinversionma-
trix for the solarrotationinverseproblem. This analysis
effectively establishes direct relationshipbetweenthe
modesetincludedin theinversionandthe spatialresolu-
tion, sensitvity andinformationcontentof the resulting
inferences.We shaow that suchan approachallows usto

determingheeffect of addinglow frequeng andlow de-
greep-modes high frequeng andlow degreep-modes,
andg-modeson the derivedrotationratein the solarra-

diative zone,in particularthe solarcore. We concluded
thatthe level of uncertaintieghatis neededo infer the
dynamicalconditionsin the corewhenonly including -

modesis unlikely to be reachedn the nearfuture, and
hencesustainedefforts areneededowardsthe detection
andcharacterisationf -modes.
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1. INTRODUCTION

Over the pastdecadejncreasinglyaccuratehelioseismic
obsenationsfrom ground-basedndspace-baseihstru-
mentshave givenusareasonablyooddescriptiorof the
dynamicsof the solarinterior [e.g. 10, 11]. Helioseis-
mic inferenceshave con rmed that the differentialrota-
tion obsenedat the surfacepersistghroughoutthe con-
vectionzone. Thereappeargo be very little — if any —

variationof therotationratewith latitudein the outerra-

diative zone( ). In that region the
rotationrateis almostconstan{ nHz), while atthe
baseof thecorvectionzone asheatayer—thetachocline
— separatethe region of differentialrotationthroughout
the corvectionzonefrom the onewith rigid rotationin

theradiative zone.

Despitethe large dispersionof the datasensitve to the
solar core [seediscussionin 4], we canrule out anin-

ward increaseor decreaseén the solar internal rotation
rate down to , by morethan of the
surfacerate at mid-latitude[1, 4, 2]. Thisis in clear
disagreementvith the theoreticalhydrodynamicamod-
els that predicta muchfasterrotationin the solar core,
namely 10 to 50 timesfasterthanthe surfacerate [e.g.
11].

More recently [6] and[9] have independentlyeveloped
new mode tting procedurego improve the quality of
datasensitve to the rotationin the solarcore. By using
verylongtime series-in excessof 2000days- collected
with the MDI, GONG and GOLF instrumentghey have
measuredotationalsplittingsfor modeswith frequencies
aslowas mHz.

In this work, we attemptedo establishthe sensitvity of
helioseismicdatasetsto the dynamicsof inner solarra-
diative interior, aswell asthelevel of accuray thathelio-
seismicdatashouldhave to resohe the solarcore.

2. THEORETICAL BACKGROUND

The startingpoint of all rotationalhelioseismidanversion

methodologiess the functionalform of the perturbation

in frequeng, , inducedby therotationof thesun,
, andgivenby [seederivationin 8]:

@)

The perturbationin frequeng, with error ,
that correspondso the rotationalcomponenbf the fre-
gueng splittings,is givenby theintegral of the productof
a sensitvity function,or kernel, with thero-

tationrate, , overtheradius, , andtheco-latitude,
. Thekernels, , areknown functionsof the
solarmodel.



Equationl de nes a classicalinverse problemfor the
sun's rotation. The inversionof this set of integral
equations- onefor eachmeasured —allowsusto
infer the rotationratepro le asa function of radiusand
latitudefrom a setof obseredrotationalfrequeng split-
tings (hereaftereferredassplittings).

The inversionmethodwe usedis basedon the regular
izedleast-squaresiethodology(RLS). The RLS method
requiresthe discretizationof the integral relationto be
inverted. In our case,Eq. 1 is transformednto a matrix
relation

(2)

where s the datavector with elements and
dimensionM, is the solutionvectorto be determined
at talular points, is the matrix with the kernels,of

dimension and isthevectorcontainingtheerrors
in

The solutionis the onethatminimizesthe quadraticdif-
ference , with a constraintgiven by a
smoothingmatrix, , introducedin orderto resole the
singularnatureof the problem.Thegenerakelationto be
minimizedis

®3)

where is a scalarintroducedto give a suitableweight
to the constraintmatrix  in the solution. Hence,the
function is approximatedy

4)
Replacing from equation2 we obtain

(5)
hence

(6)

The matrix , that combinesforward and inversemap-
ping, is referredto asthe resolutionor sensitvity matrix
[7]. Ideally, would be the identity matrix, which cor-
respondso perfectresolution.However, if wetry to nd
a generalizednverseresultingin a resolutionmatrix
closeto theidentity, the solutionis generallydominated
by noisemagni cation.

In our implementationthe inversematrix is calculated
following the RegularizedLeast Squaresechniquede-
scribedin [3]. The individual columnsof  displays
how anomaliesn the correspondingnodeltakular point
areimagedby the combinedeffect of measuremerand
inversion. In this sensegachelement  revealshow
muchof theanomalyin the  inversiontakular pointis
transferrednto the  tatular point. Consequentlythe
diagonalelements  stateshow muchof the informa-
tionis saredin themodelestimateandmaybeinterpreted
astheresohability of

In thework presenetthere we usedthematrix  to study
thesensitvity of helioseismiadatasetsto therotationrate
of thesolarcore( ). We thuspresenttheo-
reticalanalysisontheeffectof addinglow frequeny and
low degreep-modes high frequengy andlow degreep-
modesandg-modeon therotationrateof the solarcore
derived through numericalhelioseismicinversiontech-
niques.

3. DESCRIPTION OF HELIOSEISMIC FRE-
QUENCY SPLITTINGS MODE SETS

The physicaland dynamicalinformation aboutthe so-
lar core, derived from helioseismicdata, is extracted
from low andintermediatedegree -modes[9] analyzed
2088days-long(startingApril 30th1996andendingJan-
uary 17th 2002)time seriesof SOI/MDI and GONG ob-
senationsto obtain the largest available mode set for
, rangingthe obsered frequenciesrom 1 to
4.5 mHz. This modesetis complementeavith the rota-
tional frequeng splittingsobtainedor usingthe
same2088days-longtime seriesof GOLF obsenations

[6].

Fig. 1 shaws the obsenational frequeng splittings un-
certaintiesof the combineddatasetasa function of fre-
gueny andmodedegree,while Figs. 2 and3 shows the
splittingsuncertaintiedor sectoraimodesasafunctionof
theinnerturningpointof themodes, ,andasa
functionof frequeny , respectrely. Theseplotsclearly
illustratethewell known andchallengingfactthatonly a
smallnumberof modespenetratehe solarcoreandthat
thelargestuncertaintieareassociateavith thesemodes,
in particularthe modesfor frequenciedarger
than2 mHz. Thisis dueto thedif culty in separatinghe
effect of rotationalsplitting from the limited lifetime of
themodes.

Thelongtime-seriesnalyzedy [9] allowedthecalcula-
tion for the rst time of rotationalsplittingsfor very low
frequeny modes( mHz). The associatedgmall
uncertaintieof theselow frequengy modesareboundto
improve the inferencesaboutthe rotationratein the ra-
diative interior [5].

4. SENSITIVITY ANALYSIS FOR THE SOLAR
CORE

A theoreticalanalysiswas carriedout in orderto deter

minethe effect of differentlow degreeemodesetson the

derivationsof the solar rotation rate of the inner radia-
tive interior. Five differentarti cial datasets(described
in Table 1) werecalculatecthroughequationl usingan

arti cial rotationrate , thatis shown in black
in Figs.6 to 10. Theobsenationaluncertaintieanddata
noiseweretakenfrom theactualmodesetscalculatedby

[9] and[6].



Tablel. Descriptionof thearti cial datasetsusedto studythesensitivityof helioseismi@atato thedynamicf thesolar

core.

Freq.range(mHz)

Dataset note

Datasetl 1-2 1-2 1
Dataset2 1-2 1 1
Dataset3 1-3 1 1
Dataset4 1 1-3 1 1
Dataset5 2 0.1-2 0.1-2 1

Dataset4 differsfrom dataset3 in theobsenationalerrordistribution, beingthe errorsfor dataset4 takenfrom the

sectorabkplittingsof
-modesrotationalsplittingswereaddedo dataset5.

Two andtwo sectoral

Figure 1. Modedegreeas a functionof frequency for
a combinedGOLF + MDI frequencysplittingsset[6, 9].
The splittings were obtainedfrom 2088 day-longtime-
series.Thesizeof thecirclesis proportionalto theobser
vational errors of the frequencysplittings. For illustrat-
ing purpose®rrorslargerthan  nHzwere assignedhe
samecircle size

Theresolutionmatrix wascalculatedor the vearti -
cial datasets,asillustratedin Fig. 4, wherethe diagonal
elementof for therotationrateat theequatorarepre-
sented.Datasetsl, 2 and3 arenearlyinsensitve to the
rotation of the solarcore. Dataset4 containsthe same
modesetthandataset3, but it is sensitve to the solar
corebecausehe obsenationalerrorsare muchlower in
dataset4. The additionof afew -modes(datasetb)
increasesigni cantly thesensitvity to the solarcore.

It is importantto noticethatevenwith theadditionof -
modesthereis notlatitudinalsensitvity atthesolarcore,
asillustratedin Fig 5, wherethe diagonalelementof

for therotationrateat vedifferentco-latituderangesare
presentedSensitvity to the equatoriakregionsof the so-
lar coreis signi cantly largerthanthe sensitvity to other

modes.

Figure 2. Observationalerrors for a sampleof sectoal
frequencysplittings as a function of the inner turning
point .

co-latitudes.

Theconclusionslerivedfrom Figs.4 and5 couldbealso
derivedfrom thenumericalinversionsof thedatasetsl to
5, asillustratedin Figs.6 to 10. Only in thecasef data
sets4 and5, is it possibleto infer the maintrendsof the
rotationratebelow ; however, it wasneces-
saryto include,ononehand -modes(dataset5) modes
thathave yet to be obsened, andon the otherhanddata
with unrealisticsmallobsenationalerrors(dataset4). In
thelattercasethemostlik ey wayto reduceobsenational
errorsconsistof increasinghelengthof thetime series.
Fig. 11 shavs the distribution of obsenrationalerrorsas-
sociatedo sectoramodesfor ve 728days-long
datasetsandthe 2088 days-longdataset,all calculated
by [9]. Theformal obsenationalerrorsare proportional
to the squareroot of the length of the time series,and
henceit couldbe necessaryo obsenre for decadeso re-
ducethe obsenationalerrorscalculatedor very low de-
greeandlow frequeng modesto the presentevels cal-
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Figure 3. Observationalkrrors for a sampleof sectosl
frequencysplittingsas a functionof the modefrequency
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Figure4. Sensitivityof thedifferentdatasetsthatare pre-
sentedn Table 1 to therotationrate of the solarinterior.
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Figure 5. Sensitivityof data set5 to the solar core at

differentlatitudes.Valuesfor co-latituderangesaregiven

in radians,the equatorbeingat radians.
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Figure 6. Numericalinversionof datasetl (in green)as
a functionof radiusfor a setof co-latitudes. Thearti -
cial rotationrate usedto calculatedatasetl is shownin
black.
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Figure 7. Asin Fig. 6, but for dataset?2.

5. CONCLUSIONS

The calculationof the resolutionmatrix is arapidand
intuitive way of evaluatingthe sensitvity of helioseis-
mic datato the dynamicsof the solar interior, in par
ticular in the core ( ). We concludethat
with the presentaccuray of the available splittings, it
is not possibleto derive the dynamicalconditionsbelow
. Thisresultsfrom therelatively large obser
vationaluncertaintieof the modessensitve to the solar
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Figure 8. Asin Fig. 6, but for dataset3.
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Figure 9. Asin Fig. 6, but for dataset4.

core,in particularlow degreeandhigh frequeny modes.
The level of uncertaintieghatis neededo infer the dy-

namical conditionsin the core when only including -

modesis unlikely to be reachedn the nearfuture, and
hencesustainedefforts areneededowardsthe detection
andcharacterisationf -modes.
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Figure 10. Asin Fig. 6, but for dataset5.

Figure 11. Observationakrrors for sectonl fre-
guencysplittingsasa functionof the modefrequency .
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